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Ky A EHBORHR 20T 5 BIHCR AN ST IR R 2R, P AL A ARk, R SEBLA ) Ricei-T4H, B oA
THOLHR € 1 P i), A BEAUENd, = d,, RN SRR, d, A 4 5k, 2
(R4 512 5~9, ZEPE HAEN 2 8k 3R LIMIA M Ricci-F3H. i -R/RKFeRICsOPetersend, Htj= L 5-
IEMI Ricci-THH

Bkyy > 25 dy,dy(dy > dy), WG 5~9, FATATLAIE Lk — D2y 1, MBR
PrayCLAME 314, T s —An, By xFITR TR A R L RFF Ricci-T4H, JFH
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X PP N Tovk S P 5 BB A A EE 22 HE, 36 oy R FIT 2 (8] I #F Ricei-"F4H., F=EF &,

BJa, BRATEIEMH T %4p(6) =2, MewENENE. O
T [ AR SR S

Bl 10: MHIBRIE 200 4 BB, &Y Ricci- P Exy, xMTZ A4 EAR

T BEMARRN T/ERE

KIL RGBT T K-, Ky 3-free (17 Ricci-FHHE, £AE &L EIEH[B)FEH T Bl | Ricci-ifi %
SE L2 Ja Xt Ricci-FH R E— DT, BFFeas BER T e & H R L SRR AT PLS 5l
43 JUFI Ricci-FHFA R N TE R, XF T Ks-, Ky 5-free [f] Ricci-F3H & 130 J5 30 24434 1l
5B 5~9 DB ZETE A, T 4 Bl o T RUICIK -, Ky 5-free [ Ricci-FHE, &AL
SEAFEE, AT 4 P 85 FE UK UK 5+, Ko 5-free (1] Ricci-~FHH B FATIH L2 UE B H 00 2502 1E U1,
{E2 5T X e 1 D Pl 75 30F R 0% ook 78 5 R /N A I T PR ) 2 R R e AR+ i 7 S B AR A, I R
H Gt — DRt TAE. #t— D TR R EE R L, Cayley B 23k 5 21 i
NG, fEN—%F2Ed, b — 0 innadh GARBN 2207 T AR 22 2, BAfs 2 Jamr AL
JEZIHEK -, K, 5-free H E AU ZEK,-free (1] Ricci-"T-HH & . 17 %1 4= 55400 5 Ko 19T HH B S & — N E
W R R, A B ORSERY B Re s — D IR A AL .

IR TS 2, D. Cushing 28 N [91JF & K LRS84 7 T RIBKMFEB), v LATE®
I 32 (https://www.mas.ncl.ac.uk/graph-curvature/) fRIE 36 4F 51 3 5~9 fJIERTE, 78RR OG-

11


https://www.mas.ncl.ac.uk/graph-curvature/

SR ] EFREE RFFRIG) £RIEX
Gk Xt HAERAR

W

% 3CHR

[1]D. Bakry and M. Emery, Diffusions hypercontractives, Séninaire de probabilités, XIX, 1983/84, 177—
206, Lecture Notes in Math. 1123, Springer, Berlin, 1985.

[2]Y. Ollivier, Ricci curvature of Markov chains on metric spaces, J. Funct. Anal. 256 (3) (2009), 810-864.
[3]F. Chung and S.-T. Yau, Logarithmic Harnack inequalities, Math. Res. Lett. 3 (1996), 793-812.

[4]Y. Lin, L. Luand S.-T. Yau, Ricci curvature of graphs, Tohoku Math. J. 63(4) (2011), 605-627.

[5]Y. Lin, L. Lu, and S.-T. Yau, Ricci-flat graphs with girth at least five, Comm. Anal. Geom. 22 (2014),
no 4, 671-687.

[6]D. Cushing, R. Kangaslampi, Y. Lin, S. Liu, L. Lu and S.-T. Yau,Erratum for Ricci-flat graphs with
girth at least five, Communications in Analysis and Geometry, 2019, accepted

[7]W. He, J. Luo, C. Yang, W. Yuan. Ricci-flat graphs with girth four. arXiv preprint arXiv:1807.07253,
2018.

[8]S. Bai, L. Lu, S.-T. Yau, Ricci-flat graphs with maximum degree at most 4, 2018, preprint.

[9] D. Cushing, R. Kangaslampi, V. Lipidnen, S. Liu, G. Stagg. The Graph Curvature Calculator and the
curvatures of cubic graphs. arXiv:1712.03033, 2017.

o
/\.

12



R ERER ARG AR
“‘ﬁ" | kit HAERAA

‘ ,,u,

. % A: 513 5~9 KERS

B—MEKA 4 MEG =<V, E >/EK;-, Kyz-free 11, BIE=MEHAEHA 4 BREZILE
—okil, WaxtTizEhRidxy € E(G), ARt ikd, < d,.

i&xﬁ@@ﬂ%*ﬁk" Ly MRBJEAE, DRI BRI 1Ay AR EAE, BN
PPN SE = 2 2630, FrLLy B4R & rR e kS I RISB AR IS, BOXk Ay <R E H ISR &
S, BCEMMET) TR BEQHESZEI’J%%%]TO LS =T(y)/{x}/S, EﬂyE‘J@BEEPKEééi‘ixyEI’Ml%I
By . R, 2T =T)/{y}/T, BxiIBJEHAELITxy 1) 4 FlE > %B/ 2

513 4 B2 T r(x,y) = 0 dy, dy, kB R KL ELLE, Tt — %ﬁrc(x y) = 0[f]
ooy B ELLAF

BH—: Md,=k+1, d,=k+3, k>0,
TS B AS s I 3E mim S K — A 4B R B 2:

A
1—«a W
k+3 éltiET,V:Si
l—-a 1—« YL eT _
k+1 k+3 ¢ fn}v=y
l—a 1-a
k+1 k+3 Su=nv=m
Al(ulv):< 1- 1- U = =
K+ k+1 yv=m
1—a s = cg
— u=y,ves/m
1—«a
a=1 Hu=x,v=y
0 HAp g

AGYAE Ayt — P mERImE Al coupling. T A:
W(m,‘?,mg‘,’) < Z A (u,v)d(u,v)

u,vev

=A,(x,y) + ZAl(u,N(u) NN())+2 z A (u,y) + 2A(n,m) + A(y,m) + Z A (y,v)
UueT UET /{n} vEN(Y)/({x,n}/S)

_ 1—a+k(1—a)+2(k 1)( —a 1—a>+21—a 1—a +21—a 1—a+1—a
T T k3 Tk +3 vl k43) TG Tk R T ke kvl k3
_ k-2 )+2k 1(1 "

(_k)+3 “ wra

; — i 1-w(mgmy) _ k=2 _ 2k-1 = k=2 k=2
PPk (x, y) = limgy 1-a _k+3 k+1 k+3  k+1°
k< 3:
N k-2 k-2 1
Mk =18(2. H¥k=1, m—m—m—m>0 Fﬁux(xy)>0 .JHSEEK(X}/)—O,

k%1, bl =2, i, 8 T PEPAN X0 Xor NOWSUDR) TGS v oo B, %5
K(x,y) = 0, RETAE Xy, X 255 NO)(SUDXI)F I SRS N 2. A ATl PRt
L x1, X #5 NOSUDR) B — 2 R % yo) BB 2.
2. %1 %o A NO)ISUDD) B BB BN 2 CR% MR B d Gy, 1) = dCopy2) = 2)
WL 1, A b4
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l1l1—-a 1-«a
A0V S (G- M= =y
-
e u=yv=y,
l1—a
z Mfu=x,v=y
0 HARMEN
A GHAE Ay e PmEHmEIA ) coupling.  FTLA:

W(m,‘?,mf,‘) < Z Ay (u,v)d(u, v)

a —

u,vev
=Ay(x,y) + ZAZ (u, N(w) N N(y)) + 24,(x1,y1) + 24,(x2,¥,) + 24,(x2,¥) + A, (1, ¥2)
€T
_ 1—a12(1—a>+2(1—a 1—a)+ l1—«a 1—a+1—a 1—a+1—a
—*T Ty 5 35 (23 5 )+ (3 s )t
) a=1+§(1—a)—§(1—a)
ﬁﬁu;c(x,y)=1imaa1%";my)2§—§=l—ls>0, Hk(x,y) = 0F )&
fEWL 2 i, AL
1—a
z u€eT,veNmNN(y)
l-a 1-a
3 5 Hu=x,v=y
l-a 1-a |, _
Ay, v) 4 (3 _) 5 =X V=Y,
1_a N2z
G Hu=y,v={y,y}
1_
a-— Sa Yu=x,v=y
0 HapHN
B WAL Ap & —PmEMmSIE ) coupling.  FTLA:
W(mg,m§) < Z A,(u,v) d(u, v)
u,vev
=A,(x,y) + z A,(u, N(u) N N(y)) + 24,(x1,y1) + 24,(x3,¥2) + 2A,(y, y1) + A, (3, y2)
T
~ uel—a+2(1—a)+2(1—a 1—a>+21—a 1—a  20-a)
-7 5 3 (3 AT
=1-=(1-a

Frlhr(x,y) = lima—q% > % >0, H5k(x,y)=07F)&.

Pk, Hk =2, HEr(x,y) =0, x5, X TREZA 1 GAHES Ny)/(SUuN)FRIZESEEN 2
NPUNRAERBE %1 x PEDA 1 SES Ny(SUP) TR SIEEN 2. Hitk, ZHk=2,
k(x,y) = OB EFAZ X X TIEAH 1 5EE NY)/(SU)H IR SEEE N 2. XA E A
TR, BUAANK —BAERBE X0 o T RA x5 NY)/(SU{X) TR LBy 2. H5E, fimc
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ZAEH LW (mEmE) < Tyver A1(w,v) d(u,v) = —%(1 - a) +%(1 —a)+a, Prllk(xy) =
. 1-w(mgm§) _ k-2 2k-1 _ k=2 k-2 _ STk A
limg; ——— 23 ka1 = k- 0o IFI, 2

-1lu=x,

1 u € {y}u(S/N(x,))
FW =3 2 ue W) /txp/s
0 JL4HE L.
TR, fURE A LUK, T
W(mgmg) 2 ) f@) [m§w) - mg )]

uev

(e )+ (T () s

< 0. FEk(x,y) =0,

. 1-w(mgm%)
k(x,y) =limg,; ———>

a

¥k > 3:
i NOY/(SUD) I SN yis Yoo WX IARIEHA p N ES yi iR 2, X p N
G P W xXPIAREFRE g M5 vy EEN 2, X g EAMES Q. W P HIATE S AR R AR
E£45 P, Q FIM AL S FIATEHANES Q.
HAGIEEK(x,y) =0, [PUQ| =k —1.
A
|f1 u€ef{x}u(PuQ)u(S/(P'uQh)
2ue{ylu(P'uQ@)
i) = 3 u€ s
0 HAptENL.
B, fu)e—A 12 A Rk, Frbh:

W(mg,m$) 2 > fiG) [m§ ) - mg @)

1—«a 1—«a e 1—«a 1—«a 1—a 1—-«a
:Z(a_k+1)_(a_k+3>+(k_lPUQDk+3_lPUQ|k+1+2|PUQ|k+3+6k+3
=a_|_k+|PuQ|+7(1_0{)_2+|PuQ|(1_0{)

Y k+3 k+1
Ce9) = lim,. ) et
Fi L& k(x,y)=0 , 2+’liL11Q|_k+IZi§|+7+1ZO ’ k+3,:iUQ|2k+|ngl+7 , (k+3)2+

(k+3)PUQ|=(k+1Dk+7)+(k+DIPUQ|, 2IPUQ|=(k+1(k+7)—(k+3)2=2k-2,
[PUuQl=k—1.
FHEBIP], Q> 2.
1ue{xjuQu(s/QY)
2 u€efy, uQ’
fz(u)= u3£ty=y;}2 ¢

0 HARTEIL.

SR, TR LM RIREL, Fi.
Wmg,mg) = 3" () [ () - mg )]

uev

_2( 1—0() ( 1—0()+(k ll)l—a ||1—a+2| |1—a+51—a
A\ T r kT3 ¢ k+3 Qk+1 Qk+3 k+3
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( —“)+k—+3<1— DG 479
1-w(mgmg) _ 2+l0] _ k+lQl+6
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0 HARIEVL.
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MAEBREIPUQIHEIHITIT®R. W Nk—1<|PUQ|<k, FTBAIPUQ|=k—18k. X
|[PUQ| =k —1:

%6, 1P/QI=1PUQI-1QI <k -1-2=22 F#IQ/PI <2 WIP/QI (5 —5) <
k+1( 1 1 _ 1  k+1 (k+3)-(k+1) 2 L 11 1 N
T(m_k_w)_z 2k+6  2k+6  2k+6  k+3 ° KL H] |Q/P|(k+1 k+3)<k+3 - =
[PNQl=0, [P/Q]=P,|Q/P|=Q, Kk, W%
1_
_— =N NN
T3 Hu€eT,v=Nu)NN()
l—-a 1—«a S € T/(PU _
k+1 k+3 ¢ /PUQ)v =y
l—-a 1—«a My Ep oy
k+1 k+3 AEHVEN
1 1- _
A, v) ! RS &
l1—«a —a 1—«a s =
k+3 ||(k+1 k+3) Usrnv=n
1—«a ll(l—a 1—a> sy = _
k+3 k+1 k+3 Usrnv=yx
1_a N2z
a—k+3 Hu=xv=y
0 HRHEN
AL A —AmERImS R coupling.  FTbL:
W(mx, y)s ZA(u,v)d(u,v)
u,vev
=AY + ) AWN@ONOD+2 ) AWy +2) Ay +2 ) AW Y:) +AG ) +AG.)
u€eT Uu€eT/(PUQ) ueP ueqQ
_ _1—a kl—a 2 1—a_1— )+2(|P|+| N —-a 1—«a +1—a_P 1—a_1—a+1—a
=3t <k+3)+ (k+1 K+3 ¢ (k+1 3 ks PG v e
) l(l—a 1—a)
k+1 k+3
_ _1—a k(l—a)+2(l—a_l—a>+2(k_1)1—a_1—a) 1- (k- 1—(1)
=3t \ky3 k+1 k+3 (k+1 k+3 k+3 k+1 k+3
=1

1-w(mg¢m$) >0

ﬁﬁU\K(x, Y) = 1ima—>1 1-a
SR BB W (mE,mE) = Yuey i) [mE ) — mE)] = a + T (g _ gy 2HPvel g

k+3 k+1
4 2k+6 k+1 M < 0. H(xy) = 0.

a)=a -1-)-—0-a)=1, Frbh(x, y) = limg_,,
é||PnQ|>0.
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